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One obtains the temperature field generated by an instantaneous point source in the layer. 

It is shown that the solution can be obtained by the method of images in the plane. 

In the consideration of heat-transfer processes in radioelectronic systems, one encounters prob- 
lems of determination of the temperature field generated by an instantaneous point source of heat in a layer 
which is in contact with a rigid medium (Fig. 1). The media have different thermal coefficients. Such a 
problem has not been considered previously. Only the solutions of the heat conduction equations for a layer 
with homogeneous boundary conditions a r e  known [1, 2]. The case of two adjoining half spaces  with different 
thermal  coefficients is examined in [3]. 

In order  to find the t empera tu re  field in the layer  one solves the sys tem of differential equations 

02T1 ~_ 1 OT ~- 02T1 1 OT 1 _ _ - - q ( r ,  z, l) 
Or S r Or Oz 2 a~ at k, 

02T~. _~ 1 OT~ +. O~Tz 1 OTz =0 ,  
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. OT~ =0 ,  z = d, (1) 
Oz 

kl 

T 1 : T2 I 

OT1 = ~2 0T2 i 
Oz Oz ) 

(z  = 0),  

t 

q(r, z, t ) =  q' r = O ;  t = O ;  z = z ,  
O, t > O .  

The system (I) in terms of the images is satisfied by the functions: 

T*---- 4akq [ j ~h J~ (~r) {exp i - -  'h  [ Z --  Z' [1 -b A exp [nlz] -!-B exp i - -  ,Kzl}d~; 

0 

0 

(2) 

(3) 

The f i rs t  t e rm in (2) represen ts  the Green function for an instantaneous source  in the space. The con- 
stants A, B, and C are  obtained f rom the boundary conditions: 

2~,~h ( De_2md_l_e_~z, ); D ye-n~Z'+ emZ" 
A = De-2m~; B = D - -  em~'; C -- )h~h+~z~ h -- 1 - -  ye -2n~cl 
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Fig. i. The representation of 

the sources in the planes z = 0 

and z = d. 

We represen t  the denominator of D in the form 

1 - -  E a[ne--2nn~d ' 
1 - -  ~e -2"qld 

n=O 

and yn as the binomial 

k=O 

Then (2) and (3) can be rewr i t ten  in the form 

T1-- q i ~J~ { exp[-~'lz-z'l]-}-exp[-rh(2d-z-z')] 
4n) h . hi 

0 

n-}- I. 

n = O  k=O (~ '1 'q l  - '~ ~2~]2) h 

+ 2 ( - -  1)k n ~ (2~'2rl2)'~ - [exp [ - -  h, (2nd + z - -  z')] @ exp [ - -  vii (2nd -I- 2d - -  z - -  z')]] d~; 
' k / (~l~h + ~2~2) k 

n = l  k=O 

n + I  

+y,2 
n=O k=O 

~ - - q  i ~Jo(~r){ exp[--~hZ'] 
2~ ~l~h + ~12 

0 

) (__i) ~ (;-}- 1 (2)%~h)~ exp [--~h[2(n -t- 1)d-i- z']] 
(~,gll -i- ;%~h) k§ 

n 

k (kith + )~2) k§ 
n~O k~O 

exp [-- ~ ~ [2 (n -t- I) d --  z'l] } exp [~l~z] d~. 

The expressions (4) and (5) contain integrals  of the form 

~o (z) = i ~Jo (~r) exp [--~h ~hz] d~; 
0 

(4) 

(5) 
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I-~ (z) = i ~So (~r) 
0 

(2kdh)~ ~ exp [ --  ~h z] d~; 
(~'dh + X~)  

i (2X~h)~_x T~ (z0 = ~J0 (~r) (~1~ + ~ ) ~  
0 

exp [ - -  ~hZl -t- ~h z] d~. 

The f i r s t  integral  gives the t empera tu re  field generated by an instantaneous point source  in the un- 
bounded space and can be easi ly  t ransformed to the preimage 

[ r~-l-z2 J 
exp 4a2 t 

11~ = 2a~ V-~ t a/2 

For the computation of the in tegrals ' I lk  and-Iak we eliminate the express ion ( ~ l  + ~2~2) k f rom the 
denominators by making use of the equality [4]: 

i ~  d~ = k! I~ -~-1. exp [ -  ~ ]  
0 

Then 

~ -- 2 k ~  ~Jo (~r) d~ ~1~ ~k-~ exp [-- (~dh q- X2~h) ~ -- nlzl d~. 
(k-- 1)! n~ - - 

0 

We go back to the preimage.  Assuming that the order  of integration may be interchanged and making 
use of the convolution theorem, we obtain 

a~ ( x~ / ~ ~Jo(~r)~ ~ - ' d ~  I~ -- 2~ (k __ l)! a~] 
0 0 

l He,,+1 2a 2 j / -~  ] f ~,~ :~ (~,1: -I" z) ~ \ 
X k+2 1 ~ exp l - -  4a~z 4a~ (t --  ~) 

~- (t '-- ~)T 
0 "I; 

The ~-integral  is evaluated by making use of the relation [2] 

a ~ z  -- a2~ 2 ( t ,  ~)} d~. 

i [r l 1 - - ~ -  
~Jo (~r) e -bg~ d~ = -~- exp 

0 

In order  to evaluate the r  we wri te  the Hermite  polynomials Hek in the form [5] 

H%+ 1 2a~=~ ----(k+l)t m=oE ( - - 1 ) ' n m ! ( k + l _ 2 m ) [ \ ~  } 

Then, the ~-integraI reduces  to the evaluation of the integral  [4] 

0 

and the integral  Ilk takes the form 

l~(z) k ( k + l )  
- -  s V 

4J~ 
m==O 

[ r2 
t exp - -  .4 [a~ (t _ z) + @c] 

x f 
0 

( ~ ~2(k-m)+: I" (2k - -  2m q- 1) 
(--1)m \ ~ /  m . ~ - - ~ m  +- 1), 

+ 

2(l~--m ) I 2 ( k - - r n + l  ) +  1 - - - ' ~ - ~  D-2(h-m)-i d~r" 
(2~1) 2 ( t--~)2 �9 2 [a 2 ( t - ~ ) q - a ~ ]  

(6) 
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The integral ~2k is evaluated similarly 

\ ~  Z (--1)k-m-t 
8 ~ a :  \ a 2 ] -.~ 

m=O l = 0  

t Z 2 

Z k-2m-I )J2 (~--2m) 
m! ( k - -  2m)! a~ -2'~ 

z~ 6 ~ 2) ?.2 

X ~ 2(k-m)+l k+t - - -  

~ '  (t - -  ~)a/2 �9 2 [a~ (t - -  "~) + a ~ ]  (2132)T 

•  ( 5~ ) 5 2 
(7) 

~k(Z) and T2k(Zl) have under  the i n t eg ra l  s ign e l e m e n t a r y  funct ions  and the parabol ic  cy l inder  funct ion 
D k_l(z), which can  be e x p r e s s e d  in t e r m s  of the e r r o r  funct ion [5] 

( - - l )k  e - T  e ~- 1 - - 0 '  z 
D_l~_: (z) = 2 k! dz ~ 

and can be computed  on a digi tal  compute r .  

F ina l ly ,  the t e m p e r a t u r e  f ields in the med ia  1 and 2 a r e  de sc r ibed  by the exp re s s ions :  

q / / : o ( Z - - Z ' ) + l 1 0 ( 2 d - - z - -  n = Z )  
( 

n+l  , (n + 
n ~ 0  k~O 

n 

+ (- -1p k 
n = i  k=O 

1 ) [I:~ ( - -  2nd - -  z - -z ' )  @ 1:1 ~ (2nd + 2d - -  z+z')] 

[Ilk (--  2nd - -  z + z') + l:~ (2nd @ 2d - -  z--z')]}, (8) 

n@l 

n--O k=O 

( - -1)  k I2(i .~)[2(n+ 1)d--z']], .  (9) 
n = 0  k = 0  

! 

The solut ion of the p r o b l e m  can be obtained by the method of i m a g e s  in the plane, if we a s s u m e  that  
by the r e f l ec t ion  of the s o u r c e s  in the plane z = 0 t h e r e  a p p e a r s  the addi t ional  t e r m  Itk(Z ). Indeed,  the f i r s t  
t e r m  in (8) d e s c r i b e s  the t e m p e r a t u r e  f ield gene ra ted  by the ins tan taneous  point s o u r c e  in the unbounded 
space ,  the  second  t e r m  d e s c r i b e s  the field gene ra t ed  by the r e f l e c t i on  of the f i r s t  point in the ad iaba t ic  
plane z = d. The r e f l ec t i on  of t he se  s o u r c e s  in the plane z = 0 leads  to the a p p e a r a n c e  at  the points (0, - z ' )  
and (0, - 2 d  + z')  of ins tan taneous  point s o u r c e s ,  c o r r e s p o n d i n g  to the t e r m s  I10(z - z ')  and It0(2d + z + z') 
and of addi t ional  s o u r c e s ,  c o r r e s p o n d i n g  to I l l(z - z ' )  and Ii1(2d + z + z 9. Each  of the fol lowing r e f l ec t i ons  
in the plane z = 0 leads  to the a p p e a r a n c e  of an addi t ional  source .  Thus,  at  the points  (0, - 4 d  - z ')  and 
(0, - 6 d  + z ' ) ,  c o r r e s p o n d i n g  to the th i rd  re f lec t ion ,  t h e r e  a r e  four  s o u r c e s  ava i lab le  (Fig. 1). 

The e x p r e s s i o n  (8) can  be ea s i l y  t r a n s f o r m e d  into the solut ion of the p rob lem with the ad iaba t ic  plane 
z = 0 or  with ze ro  t e m p e r a t u r e  on this  plane. We cons ide r  the exp re s s ion  (4). In the f i r s t  ca se  ~2 = 0, 
the f ini te  sum 

k=0 

and in (8) only s e r i e s  of the f o r m  2 I10(z) a r e  left. In the second c a s e  ~2 ~ ~, the t e r m s  c o r r e s p o n d i n g  
n=O 

to Ilk(Z ) tend to two and in (8) t he re  a r e  left s e r i e s  of the f o r m  

(-- 1)~ 60 (z). 
n~O 
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3"i, ?~2, al ,  a2 
q(r ,  z, t) 

-~,~= | , / P  -+~'; 

NOTATION 

is the t e m p e r a t u r e ;  
a r e  the coeff icients  of t h e rma l  conductivity and the rma l  diffusivity in the media  1 and 2; 
is the densi ty  of the heat source;  

J0(~r) is  the Besse l  function of the f i r s t  kind and zero  order ;  

~/ = ()tl~ I -- ~2772)/(klT/1 + ~t2~2); 

(n )k  = n ( n - - 1 ) . . .  ( n - - k - ~ - l ) l . 2  ... k ' ( n )  = i ; O  

a r e  the He rm i t e  polynomials ;  
is the 7-funct ion;  

Hek(z) 
F(k) = (k - 1)! 

k + l l - - k @ l  if k i s  odd; 
2 i 2 

[ ~ ]  = ~ ,  if k is even; 

~(z) 
D_k(Z) 

).lz 
?'1 -- 2a2~- " ; 

t,1 = T [ 4= 4 (t- =i] 

4 ~(t-~) ~ J 

is the e r r o r  function; 
is the parabol ic  cyl inder  function; 

1. 
2. 
3. 
4. 

5. 
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